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a b s t r a c t
In this paper, we extend the coupled fixed point theorems for a mixed monotone mapping
F : X × X → X in partially ordered metric spaces established by Bhaskar and
Lakshmikantham [T. Gnana Bhaskar, V. Lakshmikantham, Fixed point theorems in partially
ordered metric spaces and applications, Nonlinear Anal. TMA 65 (2006) 1379–1393]. An
application to nonlinear integral equations is also given to illustrate our results.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
Existence of fixed points for contraction type mappings in partially ordered metric spaces has been considered recently
in [1–19] and references therein, where some applications to matrix equations, ordinary differential equations, and integral
equations were presented.
In [7], Bhaskar and Lakshmikantham introduced notions of mixed monotone mappings and coupled fixed points and
proved some coupled fixed point and fixed point theorems for mixed monotone mappings and discussed the existence and
uniqueness of solution for periodic boundary value problems. Afterward, some coupled fixed point and coupled coincidence
point theorems in partially ordered metric spaces and their applications to integral equations were given in [4,12,19,8] and
others. The purpose of this paper is to prove some coupled fixed point theorems for mixed monotone mappings in partially
ordered metric spaces. The results generalize the results of Bhaskar and Lakshmikantham [7]. We also give an application
of our results to the existence and uniqueness of solution of nonlinear integral equations.
Let (X,≼) be a partially ordered set and F : X → X be a mapping on X . F is said to be non-decreasing if for x, y ∈ X , x ≼ y
implies F(x) ≼ F(y) and non-increasing if x, y ∈ X , x ≼ y implies F(x) ≽ F(y). Bhaskar and Lakshmikantham [7] introduced
the following notions of mixed monotone mappings and coupled fixed points.
Definition 1.1 ([7]). Let (X,≼) be a partially ordered set and F : X × X → X . The mapping F is said to have the mixed
monotone property if F(x, y) is monotone non-decreasing in x and monotone non-increasing in y, that is, for any x, y ∈ X ,
x1, x2 ∈ X, x1 ≼ x2 ⇒ F(x1, y) ≼ F(x2, y)
and
y1, y2 ∈ X, y1 ≼ y2 ⇒ F(x, y1) ≽ F(x, y2).
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Definition 1.2 ([7]). An element (x, y) ∈ X × X is called a coupled fixed point of the mapping F : X × X → X if
F(x, y) = x, and F(y, x) = y.
The main results of Bhaskar and Lakshmikantham in [7] are the following two coupled fixed point theorems.
Theorem 1.3 ([7]). Let (X,≼) be a partially ordered set and suppose there exists a metric d on X such that (X, d) is a complete
metric space. Let F : X × X → X be a continuous mapping having the mixed monotone property on X. Assume that there exists a
k ∈ [0, 1) with
d(F(x, y), F(u, v)) ≤ k
2
[d(x, u)+ d(y, v)], for each x ≽ u and y ≼ v.
If there exist x0, y0 ∈ X such that
x0 ≼ F(x0, y0) and y0 ≽ F(y0, x0)
then there exist x, y ∈ X such that
x = F(x, y) and y = F(y, x).
Theorem 1.4 ([7]). Let (X,≼) be a partially ordered set and suppose there exists a metric d on X such that (X, d) is a complete
metric space. Assume that X has the following property:
(i) if a non-decreasing sequence {xn} → x, then xn ≼ x for all n,
(ii) if a non-increasing sequence {yn} → y, then y ≼ yn for all n.
Let F : X × X → X be a continuous mapping having the mixed monotone property on X. Assume that there exists a k ∈ [0, 1)
with
d(F(x, y), F(u, v)) ≤ k
2
[d(x, u)+ d(y, v)], for each x ≽ u and y ≼ v.
If there exist x0, y0 ∈ X such that
x0 ≼ F(x0, y0) and y0 ≽ F(y0, x0)
then there exist x, y ∈ X such that
x = F(x, y) and y = F(y, x).
2. Coupled fixed point theorems
LetΘ denote the class of those functions θ : [0,+∞)2 → [0, 1)which satisfies the condition: for any sequences {tn}, {sn}
of positive real numbers,
θ(tn, sn)→ 1 implies tn, sn → 0.
For examples,
θ1(t1, t2) = k, for all (t1, t2) ∈ [0,∞)2,where k ∈ [0, 1),
θ2(t1, t2) = ln(1+ k1t1 + k2t2)k1t1 + k2t2 , for all (t1, t2) ∈ [0,∞)
2 − {(0, 0)}, θ2(0, 0) ∈ [0, 1),
where k1, k2 > 0, and
θ3(t1, t2) = ln(1+max{t1, t2})max{t1, t2} , for all (t1, t2) ∈ [0,∞)
2 − {(0, 0)}, θ3(0, 0) ∈ [0, 1)
are inΘ .
Now we prove our main results.
Theorem 2.1. Let (X,≼) be a partially ordered set and suppose there exists a metric d on X such that (X, d) is a complete metric
space. Let F : X × X → X be a mapping having the mixed monotone property on X such that there exist two elements x0, y0 ∈ X
with
x0 ≼ F(x0, y0) and y0 ≽ F(y0, x0).
Suppose there exists θ ∈ Θ such that
d(F(x, y), F(u, v))+ d(F(y, x), d(v, u)) ≤ θ(d(x, u), d(y, v))(d(x, u)+ d(y, v)) (1)
for all x, y, u, v ∈ X with x ≽ u and y ≼ v. Suppose either
(a) F is continuous or
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(b) X has the following property:
(i) if a non-decreasing sequence {xn} → x, then xn ≼ x for all n,
(ii) if a non-increasing sequence {yn} → y, then y ≼ yn for all n.
then there exist x, y ∈ X such that x = F(x, y) and y = F(y, x), that is, F has a coupled fixed point in X.
Proof. Let x0, y0 ∈ X be such that x0 ≼ F(x0, y0) and y0 ≽ F(y0, x0). We construct the sequences {xn} and {yn} in X as
follows
xn+1 = F(xn, yn) and yn+1 = F(yn, xn), for all n ≥ 0. (2)
We shall show that
xn ≼ xn+1 for all n ≥ 0 (3)
and
yn ≽ yn+1 for all n ≥ 0. (4)
We shall use the mathematical induction.
Let n = 0. Since x0 ≼ F(x0, y0) and y0 ≽ F(y0, x0) and as x1 = F(x0, y0) and y1 = F(y0, x0), we have x0 ≼ x1 and y0 ≽ y1.
Thus (3) and (4) hold for n = 0.
Suppose now that (3) and (4) hold for some n ≥ 0. Then, since xn ≼ xn+1 and yn ≽ yn+1, and by the mixed monotone
property of F , we have
xn+1 = F(xn, yn) ≼ F(xn+1, yn) ≼ F(xn+1, yn+1) = xn+2 (5)
and
yn+1 = F(yn, xn) ≽ (yn+1, xn) ≽ F(yn+1, xn+1) = yn+2. (6)
Now from (5) and (6), we obtain
xn+1 ≼ xn+2 and yn+1 ≽ yn+2.
Thus by the mathematical induction we conclude that (3) and (4) hold for all n ≥ 0. Therefore,
x0 ≼ x1 ≼ x2 ≼ · · · ≼ xn ≼ xn+1 ≼ · · · (7)
and
y0 ≽ y1 ≽ y2 ≽ · · · ≽ yn ≽ yn+1 ≽ · · · . (8)
Assume that there is some r ∈ N such that d(xr , xr−1) + d(yr , yr−1) = 0, that is, xr = xr−1 and yr = yr−1. Then
xr−1 = F(xr−1, yr−1) and yr−1 = F(yr−1, xr−1), that is, (xr−1, yr−1) is a coupled fixed point of F .
Now, we assume that d(xn, xn−1)+ d(yn, yn−1) ≠ 0 for all n. Since xn ≽ xn−1 and yn ≼ yn−1, from (1) and (2), we have
d(xn+1, xn)+ d(yn+1, yn) = d(F(xn, yn), F(xn−1, yn−1))+ d(F(yn, xn), F(yn−1, xn−1))
≤ θ(d(xn, xn−1), d(yn, yn−1))(d(xn, xn−1)+ d(yn, yn−1)) (9)
which implies
d(xn, xn+1)+ d(yn, yn+1) < d(xn−1, xn)+ d(yn−1, yn). (10)
It follows that the sequence {dn:= d(xn, xn+1)+ d(yn, yn+1)} is monotone decreasing. Therefore, there is some d ≥ 0 such
that
lim
n→∞ dn = d.
We shall show that d = 0. Assume, to the contrary, that d > 0, then from (9), we have
d(xn, xn+1)+ d(yn, yn+1)
d(xn−1, xn)+ d(yn−1, yn) ≤ θ(d(xn−1, xn), d(yn−1, yn)) < 1.
The above inequalities yield
lim
n→∞ θ(d(xn−1, xn), d(yn−1, yn)) = 1.
This implies d(xn−1, xn) → 0 and d(yn−1, yn) → 0 as n → ∞ (since θ ∈ Θ) or d(xn, xn+1) + d(yn, yn+1) → 0 as n → ∞,
which is a contradiction. Therefore d = 0, that is,
lim
n→∞[d(xn, xn+1)+ d(yn, yn+1)] = 0. (11)
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Now we show that {xn} and {yn} are Cauchy sequences. On the contrary, assume that at least one of {xn} or {yn} is not a
Cauchy sequence. Then there exists an ε > 0 for which we can find subsequences {xn(k)}, {xm(k)} of {xn} and {yn(k)}, {ym(k)}
of {yn}with n(k) > m(k) ≥ k such that
d

xn(k), xm(k)
+ d yn(k), ym(k) ≥ ε. (12)
Further, corresponding to m(k), we can choose n(k) in such a way that it is the smallest integer with n(k) > m(k) ≥ k and
satisfies (12). Then
d

xn(k)−1, xm(k)
+ d yn(k)−1, ym(k) < ε. (13)
Using (12) and (13) and the triangle inequality, we have
ε ≤ rk := d

xn(k), xm(k)
+ d yn(k), ym(k)
≤ d xn(k), xn(k)−1+ d xn(k)−1, xm(k)+ d yn(k), yn(k)−1+ d yn(k)−1, ym(k)
< d

xn(k), xn(k)−1
+ d yn(k), yn(k)−1+ ε.
Taking k →∞ and using (11), we get
lim
k→∞ rk = limk→∞[d

xn(k), xm(k)
+ d yn(k), ym(k)] = ε. (14)
By the triangle inequality, we have
rk = d

xn(k), xm(k)
+ d yn(k), ym(k)
≤ d xn(k), xn(k)+1+ d xn(k)+1, xm(k)+1+ d xm(k)+1, xm(k)
+ d yn(k), yn(k)+1+ d yn(k)+1, ym(k)+1+ d ym(k)+1, ym(k)
= dn(k) + dm(k) + d

xn(k)+1, xm(k)+1
+ d yn(k)+1, ym(k)+1 .
Since n(k) > m(k), xn(k) ≽ xm(k) and yn(k) ≼ ym(k), from (1) to (2), we have
d

xn(k)+1, xm(k)+1
+ d yn(k)+1, ym(k)+1 = d F(xn(k), yn(k)), F xm(k), ym(k)+ d F(yn(k), xn(k)), F(ym(k), xm(k))
≤ θ d(xn(k), xm(k)), d(yn(k), ym(k)) d(xn(k), xm(k))+ d(yn(k), ym(k))
= θ d(xn(k), xm(k)), d(yn(k), ym(k)) rk.
Therefore
rk ≤ dn(k) + dm(k) + θ

d(xn(k), xm(k)), d(yn(k), ym(k))

rk.
This implies
rk − dn(k) − dm(k)
rk
≤ θ d(xn(k), xm(k)), d(yn(k), ym(k)) < 1.
Taking k →∞ and using (11) and (14), we have
lim
k→∞ θ

d(xn(k), xm(k)), d(yn(k), ym(k))
 = 1.
Since θ ∈ Θ , we get
lim
k→∞ d(xn(k), xm(k)) = limk→∞ d(yn(k), ym(k)) = 0,
that means
lim
k→∞[d(xn(k), xm(k))+ d(yn(k), ym(k))] = 0
which is a contradiction. This shows that {xn} and {yn} are Cauchy sequences in X . Since (X, d) is a complete metric space,
there exist x, y ∈ X such that
lim
n→∞ xn = x, and limn→∞ yn = y. (15)
Now we show that x = F(x, y) and y = F(y, x).
Suppose the assumption (a) holds. Taking the limit as n →∞ in (2), by (15) and the continuity of F we get
x = lim
n→∞ xn+1 = limn→∞ F(xn, yn) = F( limn→∞ xn, limn→∞ yn) = F(x, y),
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and
y = lim
n→∞ yn+1 = limn→∞ F(yn, xn) = F( limn→∞ yn, limn→∞ xn) = F(y, x).
Therefore x = F(x, y) and y = F(y, x).
Suppose that the assumption (b) holds. Since {xn} is non-decreasing and xn → x and as {yn} is non-increasing and yn → y,
by the assumption (b), we have xn ≼ x and yn ≽ y for all n. We have
d(F(x, y), x)+ d(F(y, x), y) ≤ d(F(x, y), xn+1)+ d(xn+1, x)+ d(F(y, x), yn+1)+ d(yn+1, y)
= d(xn+1, x)+ d(yn+1, y)+ d(F(x, y), F(xn, yn))+ d(F(y, x), F(yn, xn))
≤ d(xn+1, x)+ d(yn+1, y)+ θ(d(x, xn), d(y, yn))(d(x, xn)+ d(y, yn))
≤ d(xn+1, x)+ d(yn+1, y)+ d(x, xn)+ d(y, yn).
So taking n → ∞ yields d(F(x, y), x) + d(F(y, x), y) ≤ 0. Hence x = F(x, y) and y = F(y, x). Thus we proved that F has a
coupled fixed point. 
Corollary 2.2. Let (X,≼) be a partially ordered set and suppose there exists a metric d on X such that (X, d) is a complete metric
space. Let F : X × X → X be a mapping having the mixed monotone property on X such that there exist two elements x0, y0 ∈ X
with
x0 ≼ F(x0, y0) and y0 ≽ F(y0, x0).
Suppose there exists η ∈ Θ such that
d(F(x, y), F(u, v)) ≤ 1
2
η(d(x, u), d(y, v))(d(x, u)+ d(y, v)) (16)
for all x, y, u, v ∈ X with x ≽ u and y ≼ v. Suppose either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {xn} → x, then xn ≼ x for all n,
(ii) if a non-increasing sequence {yn} → y, then y ≼ yn for all n
then there exist x, y ∈ X such that x = F(x, y) and y = F(y, x), that is, F has a coupled fixed point in X.
Proof. For x, y, u, v ∈ X with x ≽ u and y ≼ v, from (16), we have
d(F(x, y), F(u, v)) ≤ 1
2
η(d(x, u), d(y, v))(d(x, u)+ d(y, v))
and
d(F(y, x), F(v, u)) = d(F(v, u), F(y, x)) ≤ 1
2
η(d(v, y), d(u, x))(d(v, y)+ d(u, x))
= 1
2
η(d(v, u), d(u, x))(d(x, u)+ d(y, v)).
Therefore
d(F(x, y), F(u, v))+ d(F(y, x), F(v, u)) ≤ 1
2
[η(d(x, u), d(y, v))+ η(d(y, v), d(x, u))](d(x, u)+ d(y, v))
= θ(d(x, u), d(y, v))(d(x, u)+ d(y, v))
for x, y, u, v ∈ X with x ≽ u and y ≼ v, where
θ(t1, t2) = 12 [η(t1, t2)+ η(t2, t1)] for all t1, t2 ∈ [0,∞).
It is easy to verify that θ ∈ Θ . Applying Theorem 2.1, F has a coupled fixed point. 
Let Ω denote the class of those functions ω: [0,+∞) → [0, 1) which satisfies the condition: for any sequence {tn} of
positive real numbers,
ω(tn)→ 1 implies tn → 0.
Corollary 2.3. Let (X,≼) be a partially ordered set and suppose there exists a metric d on X such that (X, d) is a complete metric
space. Let F : X × X → X be a mapping having the mixed monotone property on X such that there exist two elements x0, y0 ∈ X
with
x0 ≼ F(x0, y0) and y0 ≽ F(y0, x0).
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Suppose there exists ω ∈ Ω such that
d(F(x, y), F(u, v))+ d(F(y, x), d(v, u)) ≤ ω(d(x, u)+ d(y, v))(d(x, u)+ d(y, v)) (17)
for all x, y, u, v ∈ X with x ≽ u and y ≼ v. Suppose either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {xn} → x, then xn ≼ x for all n,
(ii) if a non-increasing sequence {yn} → y, then y ≼ yn for all n
then there exist x, y ∈ X such that x = F(x, y) and y = F(y, x), that is, F has a coupled fixed point in X.
Proof. In Theorem 2.1, taking θ(t1, t2) = ω(t1 + t2) for all t1, t2 ∈ [0,∞)we obtain Corollary 2.3. 
In Corollary 2.3, taking ω(t) = kwith k ∈ [0, 1) for all t ∈ [0,∞), we obtain the following Corollary
Corollary 2.4. Let (X,≼) be a partially ordered set and suppose there exists a metric d on X such that (X, d) is a complete metric
space. Let F : X × X → X be a mapping having the mixed monotone property on X such that there exist two elements x0, y0 ∈ X
with
x0 ≼ F(x0, y0) and y0 ≽ F(y0, x0).
Suppose there exists k ∈ [0, 1) such that
d(F(x, y), F(u, v))+ d(F(y, x), d(v, u)) ≤ k(d(x, u)+ d(y, v)) (18)
for all x, y, u, v ∈ X with x ≽ u and y ≼ v. Suppose either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {xn} → x, then xn ≼ x for all n,
(ii) if a non-increasing sequence {yn} → y, then y ≼ yn for all n
then there exist x, y ∈ X such that x = F(x, y) and y = F(y, x), that is, F has a coupled fixed point in X.
Remark 2.5. In Corollary 2.2, taking η(t1, t2) = k with k ∈ (0, 1) for all t1, t2 ∈ [0,∞), we obtain the results of Bhaskar
and Lakshmikantham [7, Theorem 1.3 and 1.4].
Now we shall prove the uniqueness of the coupled fixed point. Note that if (X,≼) is a partially ordered set, then we
endow the product X × X with the following partial order relation:
for (x, y), (u, v) ∈ X × X, (x, y) . (u, v)⇐⇒ x ≼ u, y ≽ v.
Theorem 2.6. In addition to the hypotheses of Theorem 2.1, suppose that for every (x, y), (z, t) ∈ X × X, there exists a
(u, v) ∈ X × X that is comparable to (x, y) and (z, t), then F has a unique coupled fixed point.
Proof. From Theorem 2.1 the set of coupled fixed points is non-empty. Suppose (x, y) and (z, t) are coupled points of F , that
is x = F(x, y), y = F(y, x), z = F(z, t) and t = F(t, z), we shall show that x = z and y = t .
By the assumption, there exists (u, v) ∈ X × X that is comparable to (x, y) and (z, t).
We define the sequences {un} and {vn} as follows
u0 = u, v0 = v, un+1 = F(un, vn) and vn+1 = F(vn, un), for all n.
Since (u, v) is comparable with (x, y), we may assume that (x, y) & (u, v) = (u0, v0). Now we shall prove that
(x, y) & (un, vn), for all n. (19)
Suppose that (19) holds for some n ≥ 0. Then by the mixed monotone property of F , we have
un+1 = F(un, vn) ≼ F(x, y) = x,
and
vn+1 = F(vn, un) ≽ F(y, x) = y,
that is, (x, y) & (un+1, vn+1). Therefore (19) holds.
From (1), we have
d(x, un)+ d(y, vn) = d(F(x, y), F(un−1, vn−1))+ d(F(y, x), F(vn−1, un−1))
≤ θ (d (x, un−1) , d (y, vn−1)) (d (x, un−1)+ d (y, vn−1)) .
Therefore,
d(x, un)+ d(y, vn) ≤ θ(d(x, un−1), d(y, vn−1))(d(x, un−1)+ d(y, vn−1))
≤ d(x, un−1)+ d(y, vn−1). (20)
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Consequently, the sequence {δn := d(x, un) + d(y, vn)} is non-negative and decreasing and so limn→∞ δn = limn→∞
[d(x, un)+ d(y, vn)] = δ, for some δ ≥ 0. We shall show that δ = 0. On the contrary, assume that δ > 0. By passing to sub-
sequences, if necessary, we may assume that limn→∞ θ (d(x, un), d(y, vn)) = λ exists (since 0 ≤ θ(d(x, un), d(y, vn)) < 1).
From (20), taking n →∞, we obtain λδ = δ and so λ = 1.
Since θ ∈ Θ , we get
lim
n→∞ d(x, un) = limn→∞ d(y, vn) = 0,
that is,
lim
n→∞[d(x, un)+ d(y, vn)] = 0
which is a contradiction. Thus
lim
n→∞ d(x, un) = limn→∞ d(y, vn) = 0.
Similarly, one can prove that
lim
n→∞ d(z, un) = limn→∞ d(t, vn) = 0.
Finally, we have
d(x, z) ≤ d(x, un)+ d(un, z)
and
d(y, t) ≤ d(y, vn)+ d(vn, t).
Taking n →∞ in two above inequalities, we get d(x, z) = d(y, t) = 0, that is, x = z and y = t . 
Theorem 2.7. In addition to the hypotheses of Theorem 2.1, suppose x0, y0 are comparable then x = y, that is, x = F(x, x).
Proof. Let us assume that x0 ≼ y0. We shall show that
xn ≼ yn, for all n (21)
where xn = F(xn−1, yn−1), yn = F(yn−1, xn−1), n = 1, 2, 3, . . .. Suppose (21) holds for some n ≥ 0. Then by the mixed
monotone property of F , we have
xn+1 = F(xn, yn) ≼ F(yn, xn) = yn+1.
Thus (21) holds. From (21) to (1), we have
d(F(yn, xn), F(xn, yn))+ d(F(xn, yn), F(yn, xn)) ≤ θ(d(yn, xn), d(xn, yn))[d(yn, xn)+ d(xn, yn)]
or
d(F(yn, xn), F(xn, yn)) ≤ θ(d(yn, xn), d(yn, xn))d(yn, xn).
By the triangle inequality,
d(y, x) ≤ d(y, yn+1)+ d(yn+1, xn+1)+ d(xn+1, x)
= d(F(yn, xn), F(xn, yn))+ d(y, yn+1)+ d(xn+1, x)
≤ θ(d(yn, xn), d(yn, xn))d(yn, xn)+ d(y, yn+1)+ d(xn+1, x). (22)
Assume that d(y, x) > 0, and set γn = d(yn, xn). By passing to subsequences, if necessary, we may assume that
limn→∞ θ (γn, γn) = γ exists. From (22), taking n → ∞, we obtain d(y, x) ≤ γ d(y, x) or γ ≥ 1. Hence γ = 1. Since
θ ∈ Θ , d(y, x) = limn→∞ d(yn, xn) = 0, which is a contradiction. Therefore d(y, x) = 0, that is, x = y. 
Corollary 2.8. In addition to the hypotheses of Corollary 2.4, suppose for every (x, y), (z, t) ∈ X×X, there exists a (u, v) ∈ X×X
that is comparable to (x, y) and (z, t) and x0, y0 are comparable then F has a unique fixed point.
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3. Applications
In this section, we study the existence of unique solution of nonlinear integral equations, as an application of the fixed
point theorem proved in Section 2. Consider the integral equation
x(t) =
∫ t
a
(K1(t, s)+ K2(t, s)) (f (s, x(s))+ g(s, x(s))) ds+ h(t), a.e. t ∈ [a,∞) (23)
where h ∈ L[a,∞), K1(t, s), K2(t, s), f (s, x(s), g(s, y(s))) are real valued functions that aremeasurable both in t and s. These
functions satisfy the following:
(H1) K1(t, s) ≥ 0 a.e. t, s ∈ [a,∞) and∫ ∞
a
sup
s∈[0,∞)
K1(t, s)dt = M1 < +∞
(H2) K2(t, s) ≤ 0 a.e. t, s ∈ [a,∞) and∫ ∞
a
sup
s∈[0,∞)
|K2(t, s)|dt = M2 < +∞
(H3) f (s, x(s)), g(s, x(s)) ∈ L[a,∞) for all x ∈ L[a,∞) and there exist λ,µ > 0 such that
0 ≤ f (s, x(s))− f (s, y(s)) ≤ λ(x(s)− y(s))
and
−µ(x(s)− y(s)) ≤ g(s, x(s))− g(s, y(s)) ≤ 0
for all x, y ∈ L[a,∞)with y(s) ≤ x(s) a.e. on [0,∞).
Definition 3.1. An element (α, β) ∈ L[a,∞)×L[a,∞) is called a coupled lower and upper solution of the integral equation
(23) if α(t) ≤ β(t) and
α(t) ≤
∫ t
a
K1(t, s) (f (s, α(s))+ g(s, β(s))) ds+
∫ t
a
K2(t, s) (f (s, α(s))+ g(s, β(s))) ds+ h(t)
and
β(t) ≥
∫ t
a
K1(t, s) (f (s, β(s))+ g(s, α(s))) ds+
∫ t
a
K2(t, s) (f (s, α(s))+ g(s, β(s))) ds+ h(t)
a.e. t ∈ [a,∞].
Theorem 3.2. With the assumptions (H1)–(H3), if the Eq. (23) has a coupled lower and upper solution and (λ+µ)(M1+M2) < 1
then it has a unique solution in L[a,∞).
Proof. Let X := L[a,∞). Then X is a partially ordered set if we define the following order relation in X:
x, y ∈ X, x ≼ y ⇐⇒ x(t) ≤ y(t), a.e. t ∈ [a,∞).
And (X, d) is a complete metric space with metric
d(x, y) =
∫ ∞
a
|x(t)− y(t)| dt, x, y ∈ X .
Obviously, if {un} is a monotone non-decreasing sequence in X that converges to u ∈ X and {vn} is a monotone non-
increasing sequence in X that converges to v ∈ X , then un ≼ u and v ≼ vn, for all n. Also, X × X is a partially ordered set if
we define the following order relation in X × X
(x, y), (u, v) ∈ X × X, (x, y) . (u, v)⇐⇒ x(t) ≤ u(t) and y(t) ≥ v(t), a.e. t ∈ [a,∞).
For any x, y ∈ X , the functions max{x, y} and min{x, y} are in X and are the upper and lower bounds of x, y, respectively.
Therefore, for every (x, y), (u, v) ∈ X×X , there exists a (max{x, u},min{y, v}) ∈ X×X that is comparable to (x, y) and (u, v).
For every x, y ∈ L[a,∞), we define
F(x, y)(t) =
∫ t
a
K1(t, s) (f (s, x(s))+ g(s, y(s))) ds+
∫ t
a
K2(t, s) (f (s, y(s))+ g(s, x(s))) ds+ h(t)
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for a.e. t ∈ [a,∞). We first shall show that F(x, y) ∈ L[a,∞). Indeed, we have
|F(x, y)(t)| ≤
∫ ∞
a
|K1(t, s) (f (s, x(s))+ g(s, y(s)))| ds+
∫ ∞
a
|K2(t, s) (f (s, y(s))+ g(s, x(s)))| ds+ |h(t)|
≤ sup
s∈[0,∞)
|K1(t, s)|
∫ ∞
a
|f (s, x(s))|ds+
∫ ∞
a
|g(s, y(s))|ds

+ sup
s∈[0,∞)
|K2(t, s)|
∫ ∞
a
|f (s, y(s))|ds+
∫ ∞
a
|g(s, s(s))|ds

+ |h(t)|.
Therefore, by (H1)–(H3), we have∫ ∞
a
|F(x, y)(t)|dt ≤
∫ ∞
a
sup
s∈[0,∞)
|K1(t, s)|dt
∫ ∞
a
|f (s, x(s))|ds+
∫ ∞
a
|g(s, y(s))|ds

+
∫ ∞
a
sup
s∈[0,∞)
|K2(t, s)|dt
∫ ∞
a
|f (s, y(s))|ds+
∫ ∞
a
|g(s, s(s))|ds

+
∫ ∞
a
|h(t)|dt < +∞
and hence F(x, y) ∈ L[a,∞).
Now we shall show that F has the mixed monotone property. Indeed, for x1 ≼ x2, that is, x1(s) ≤ x2(s) a.e. on [a,∞),
we have
F(x1, y)(t)− F(x2, y)(t) =
∫ t
a
K1(t, s) (f (s, x1(s))+ g(s, y(s))) ds+
∫ t
a
K2(t, s) (f (s, y(s))+ g(s, x1(s))) ds+ h(t)
−
∫ t
a
K1(t, s) (f (s, x2(s))+ g(s, y(s))) ds
−
∫ t
a
K2(t, s) (f (s, y(s))+ g(s, x2(s))) ds− h(t)
=
∫ t
a
K1(t, s) (f (s, x1(s))− f (s, x2(s))) ds+
∫ t
a
K2(t, s) (g(s, x1(s))− g(s, x2(s))) ds ≤ 0,
by the assumptions (H1)–(H3). Hence F(x1, y)(t) ≤ F(x2, y)(t) a.e. t ∈ [a,∞), that is, F(x1, y) ≼ F(x2, y).
Similarly, if y1 ≽ y2, that is, y1(s) ≥ y2(s), a.e. on [a,∞), we have
F(x, y1)(t)− F(x, y2)(t) =
∫ t
a
K1(t, s) (f (s, x(s))+ g(s, y1(s))) ds+
∫ t
a
K2(t, s) (f (s, y1(s))+ g(s, x(s))) ds+ h(t)
−
∫ t
a
K1(t, s) (f (s, x(s))+ g(s, y2(s))) ds
−
∫ t
a
K2(t, s) (f (s, y2(s))+ g(s, x(s))) ds− h(t)
=
∫ t
a
K1(t, s) (g(s, y1(s))− g(s, y2(s))) ds+
∫ t
a
K2(t, s) (f (s, y1(s))− f (s, y2(s))) ds ≤ 0,
by the assumptions (H1)–(H3). Hence F(x, y1)(t) ≤ F(x, y2)(t) a.e. t ∈ [a,∞), that is, F(x, y1) ≼ F(x, y2).
Thus, F(x, y) is monotone non-decreasing in x and monotone non-increasing in y.
Now, for x, y, u, v ∈ X with x ≽ u, y ≼ v, we have
|F(x, y)(t)− F(u, v)(t)| =
∫ t
a
K1(t, s) [f (s, x(s))+ g(s, y(s))] ds +
∫ t
a
K2(t, s) [f (s, y(s))+ g(s, x(s))] ds
−
∫ t
a
K1(t, s) [f (s, u(s))+ g(s, v(s))] ds+
∫ t
a
K2(t, s) [f (s, y(s))+ g(s, x(s))] ds

=
∫ t
a
K1(t, s) [(f (s, x(s))− f (s, u(s)))− (g(s, v(s))− g(s, y(s)))] ds
−
∫ t
a
K2(t, s) [(f (s, v(s))− f (s, y(s)))− (g(s, x(s))− g(s, u(s)))] ds

≤
∫ t
a
K1(t, s) [λ(x(s)− u(s))+ µ(y(s)− v(s))] ds
−
∫ t
a
K2(t, s) [λ(v(s)− y(s))+ µ(x(s)− u(s))] ds
 .
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Since K1(t, s) ≥ 0, K2(t, s) ≤ 0, x(s)− u(s) ≥ 0, y(s)− v(s) ≥ 0 a.e. on [0,∞) and λ,µ > 0, we have
|F(x, y)(t)− F(u, v)(t)| ≤
∫ t
a
K1(t, s) [λ(x(s)− u(s))+ µ(y(s)− v(s))] ds
+
∫ t
a
(−K2(t, s)) [λ(v(s)− y(s))+ µ(x(s)− u(s))] ds

≤ sup
s∈[0,∞)
|K1(t, s)|
∫ t
a
(λ|x(s)− u(s)| + µ|y(s)− v(s)|) ds
+ sup
s∈[0,∞)
|K2(t, s)|
∫ t
a
(λ|v(s)− y(s)| + µ|x(s)− u(s)|) ds
≤ sup
s∈[0,∞)
|K1(t, s)|
∫ ∞
a
(λ|x(s)− u(s)| + µ|y(s)− v(s)|) ds
+ sup
s∈[0,∞)
|K2(t, s)|
∫ ∞
a
(λ|v(s)− y(s)| + µ|x(s)− u(s)|) ds
≤ sup
s∈[0,∞)
|K1(t, s)| (λd(x, u)+ µd(y, v))+ sup
s∈[0,∞)
|K2(t, s)| (λd(y, v)+ µd(x, u)) .
Therefore,
d (F(x, y), F(u, v)) =
∫ ∞
a
|F(x, y)(t)− F(u, v)(t)|
≤
∫ ∞
a
sup
s∈[0,∞)
|K1(t, s)| (λd(x, u)+ µd(y, v)) dt +
∫ ∞
a
sup
s∈[0,∞)
|K2(t, s)| (λd(y, v)+ µd(x, u)) dt
≤ M1 (λd(x, u)+ µd(y, v))+M2 (λd(y, v)+ µd(x, u)) . (24)
Similarly, we have
d (F(v, u), F(y, x)) ≤ M1 (λd(v, y)+ µd(u, x))+M2 (λd(u, x)+ µd(v, y)) . (25)
From (24) and (25), for x ≽ u, y ≼ v, we have
d (F(x, y), F(u, v))+ d (F(y, x), F(v, u)) ≤ (M1 +M2)(λ+ µ)(d(x, u)+ d(y, v)).
Now let (α, β) be a coupled lower and upper solution of the integral equation (23) then we have α(t) ≤ F(α, β)(t) and
β(t) ≥ F(β, α)(t) a.e. on [a,∞), that it α ≼ F(α, β) and β ≽ F(β, α). On the other hand, since α ≼ β , all the hypotheses
of Corollary 2.8 are satisfied. Therefore, F has a unique fixed point x ∈ X , that is, the Eq. (23) has the unique solution x ∈ L
[a,∞). 
Acknowledgments
The authors thank the referees for their appreciation, valuable comments and suggestions.
References
[1] R.P. Agarwal, M.A. El-Gebeily, D. O’Regan, Generalized contractions in partially ordered metric spaces, Appl. Anal. 87 (2008) 109–116.
[2] A. Amini-Harandi, H. Emami, A fixed point theorem for contraction typemaps in partially orderedmetric spaces and application to ordinary differential
equations, Nonlinear Anal. 72 (2010) 2238–2242.
[3] I. Altun, H. Simsek, Some fixed point theorems on ordered metric spaces and application, Fixed Point Theory Appl. 2010 (2010) 17. Article ID 621469.
[4] B.S. Choudhury, A. Kundu, A coupled coincidence point result in partially ordered metric spaces for compatible mappings, Nonlinear Anal. 73 (2010)
2524–2531.
[5] L. Ciric, N. Caki, M. Rajovi, J.S. Ume, Monotone generalized nonlinear contractions in partially ordered metric spaces, Fixed Point Theory Appl. 2008
(2008) 11. Article ID 131294.
[6] Z. Drici, F.A. McRae, J. Vasundhara Devi, Fixed point theorems in partially ordered metric spaces for operators with PPF dependence, Nonlinear Anal.
7 (2007) 641–647.
[7] T. Gnana Bhaskar, V. Lakshmikantham, Fixed point theorems in partially orderedmetric spaces and applications, Nonlinear Anal. 65 (2006) 1379–1393.
[8] J. Harjani, B. Lopez, K. Sadarangani, Fixed point theorems for mixed monotone operators and applications to integral equations, Nonlinear Anal. 74
(2011) 1749–1760.
[9] J. Harjani, K. Sadarangani, Fixed point theorems for weakly contractive mappings in partially ordered sets, Nonlinear Anal. 71 (2009) 3403–3410.
[10] S. Hong, Fixed points of multivalued operators in ordered metric spaces with applications, Nonlinear Anal. 72 (2010) 3929–3942.
[11] V. Lakshmikantham, L. Círíc, Couple fixed point theorems for nonlinear contractions in partially ordered metric spaces, Nonlinear Anal. 70 (2009)
4341–4349.
[12] N.V. Luong, N.X. Thuan, Coupled fixed points in partially ordered metric spaces and application, Nonlinear Anal. 74 (2011) 983–992.
[13] J.J. Nieto, R.L. Pouso, R. Rodríguez-López, Fixed point theorems in ordered abstract sets, Proc. Amer. Math. Soc. 135 (2007) 2505–2517.
4248 N.V. Luong, N.X. Thuan / Computers and Mathematics with Applications 62 (2011) 4238–4248
[14] J.J. Nieto, R. Rodríguez-López, Contractive mapping theorems in partially ordered sets and applications to ordinary differential equations, Order 22
(2005) 223–239.
[15] J.J. Nieto, R. Rodríguez-López, Existence and uniqueness of fixed point in partially ordered sets and applications to ordinary differential equations,
Acta Math. Sin. 23 (2007) 2205–2212.
[16] D. O’Regan, A. Petrusel, Fixed point theorems for generalized contractions in ordered metric spaces, J. Math. Anal. Appl. 341 (2) (2008) 1241–1252.
[17] A. Petrusel, I.A. Rus, Fixed point theorems in ordered L-spaces, Proc. Amer. Math. Soc. 134 (2006) 411–418.
[18] A.C.M. Ran, M.C.B. Reurings, A fixed point theorem in partially ordered sets and some applications to matrix equations, Proc. Amer. Math. Soc. 132
(2004) 1435–1443.
[19] B. Samet, Coupled fixed point theorems for a generalized Meir–Keeler contraction in partially ordered metric spaces, Nonlinear Anal. 72 (2010)
4508–4517.
